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Overview

m Turing Schmerl Calculus (TSC) is a modal system tailored to
express the principles that hold between Turing progressions;
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Overview

m Turing Schmerl Calculus (TSC) is a modal system tailored to
express the principles that hold between Turing progressions;

m Strictly positive signature with no variables;
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Overview

Overview

m Turing Schmerl Calculus (TSC) is a modal system tailored to
express the principles that hold between Turing progressions;

m Strictly positive signature with no variables;
m Inspired by RC, GLP;
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Overview

Overview

m TSC is complete w.r.t. a natural arithmetical interpretation;

m TSC is complete w.r.t. a minor variation of Ignatiev Universal
Frame 7;
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Overview

Overview

m TSC is complete w.r.t. a natural arithmetical interpretation;
m TSC is complete w.r.t. a minor variation of Ignatiev Universal
Frame 7;

m Special sequences of ordinals;
m A new universal frame H that is based only in those sequences
which have finite support.
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Turing Progressions

m By Godel's second incompleteness theorem T t# Con(T);
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Turing Progressions

m By Godel's second incompleteness theorem T t# Con(T);

m T+ Con(T)
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Turing Progressions

m By Godel's second incompleteness theorem T t# Con(T);

m T + Con(T)/ Con(T + Con(T));
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Turing Progressions

m By Godel's second incompleteness theorem T t# Con(T);
m T + Con(T)/ Con(T + Con(T));

m T+ Con(T)+ Con(T + Con(T))....
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Turing Progressions

T1. T%:= T where T is an initial theory;
T2, Totl:= T4 Con(T?);

T3. Th = Us=<a T8, for A a limit ordinal.
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Graded Turing Progressions

GT1. (T)%:= T where T is an initial theory;
GT2. (T)3** == (T)5 + Conn((T)7):

GT3. (T3 :=Ug=a(T)n, for A a limit ordinal.
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Turing Progressions Turing Progressions
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Some Principles

Some principles

m Some principles make use of ordinal arithmetic;
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Some principles

m Some principles make use of ordinal arithmetic;
m Hyperexponential functions:

m e(a)=q;

mel(a) = —1+wY

m e"(a) = e"(e(a)).
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

Some principles

= Monotonicity: (T)5 C (T)2 for 8 < o;

a Additive Principle: ((T)2)? = 7247,
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

principles

= Monotonicity: (T)5 C (T)2 for 8 < o;

a Additive Principle: ((T)2)? = 7247,

m Reduction Property: (7)o, =n,., (T)il(a);
= Reduction Property*: (T)f,l(o‘) (T2
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Turing Progressions Turing Progressions
Graded Turing Progressions
Some Principles

principles

= Monotonicity: (T)5 C (T)2 for 8 < o;
= Additive Principle: ((T7)2)) = 757

el(a)

Reduction Property: (7). =n,,, (T)n " /;

= Reduction Property*: (T),e,l(a) (7)o

Schmerl Principle: ((T)f‘mrk)ff7 =n,., (T),enk(oc)'(Hﬁ)
(> 0);

/?n (T)f:(a)'(prﬁ) + (T)a

m Schmerl Principle*: ((T)% ek

m+k)
(> 0).

Eduardo Hermo Reyes Department of Philosophy - University A finitely supported frame for TSC



Signature and Ordinal Modalities
TSC

Contents

TSC

Eduardo Hermo Reyes Department of Philosophy - University A finitely supported frame for TSC



Signature and Ordinal Modalities
TSC

Signature and Ordinal Modalities

m Let A be a fixed recursive ordinal;

m Ordinal modalities: Modal connectives of the form (n®)
where n < w and oo <A,
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Signature and Ordinal Modalities
TSC

Signature and Ordinal Modalities

m Let A be a fixed recursive ordinal;

m Ordinal modalities: Modal connectives of the form (n®)
where n < w and oo <A,

Fo=T[(eAd) ]| (n")e
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Signature and Ordinal Modalities
TSC

The set of increasing worms, denoted by IW is inductively defined
as follows:

i) Telw,
i) (n*)T €lIW forany n<wand a, 0 < a <A
i) if (n*)A €IW and m < n, then (m?){n*)A € IW.
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Signature and Ordinal Modalities
TSC

TSC

Definition

Let (n*)A €W, m < nand 8 < A. By op({n*)A) we denote
the m-B-ordinal of ( n®)A, that is recursively defined as follows:

i) o ((n*)T) =e""™(a) - (1+ B);
i) o ({n*)A) = ™™ (0%(A)) - (1 + B).
For any m < w and 8 < A, we set o}(T) to be zero.
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Signature and Ordinal Modalities
TSC

TSC

Definition

Let (n*)A €W, m < nand 8 < A. By op({n*)A) we denote
the m-B-ordinal of ( n®)A, that is recursively defined as follows:

i) o5 ((n*)T) =e™™(a) - (L + B);
i) of({n*)A) = e ™(0%(A)) - (1 + B).
For any m < w and 8 < A, we set o(T) to be zero.

Schmerl Principle: ((T)?nJrk)’,@;7 =M, (T),e},k(a)'(lﬂg) (a>0)
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Signature and Ordinal Modalities

TSC TSC

TSC Axioms

Bebe, oFT;
BoNYEe, (¥)

B (n*)pk (n)p,  for <«
B (0 )= (n")(n")p;
(m+n*)pE (m*(®))p;

@ (n*)A=(n%ANT A A for (n)AcIW.
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Signature and Ordinal Modalities

TSC TSC

TSC Rules

phk1and ¢ F x, then o ¥ A x;
H o+ and ¢ F x then ¢ F x;
If o 1, then (n®)p = (n® )1 ;

A ¢ then
(n)p A (mP )y = (0 ) (@ A (mPH)y) form <n
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Signature and Ordinal Modalities
TSC

Arithmetical Interpretation

m We can define a translation 7 between modal formulas and
arithmetical formulas numerating the axioms of Turing
progressions.
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Signature and Ordinal Modalities
TSC

Arithmetical Interpretation

m We can define a translation 7 between modal formulas and
arithmetical formulas numerating the axioms of Turing
progressions.

m By Th, we denote the arithmetical theory numerated by 7(¢).
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Signature and Ordinal Modalities
TSC

Theorem (Normal Form)

For every formula ¢, there is a unique A € IW such that ¢ = A.
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Signature and Ordinal Modalities
TSC

Theorem (Normal Form)

For every formula ¢, there is a unique A € IW such that ¢ = A.

Theorem (Completeness)

For any ¢, ¥ € Ly,

EAt - Thy C Thy, iff @t .
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Ignatiev sequences
J
Universal Frame 7 Completeness

Ignatiev sequences

Definition

We define ordinal logarithm as Ig(0) := 0 and Ig(a + w?) := 3.
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Ignatiev sequences
J
Universal Frame 7 Completeness

Ignatiev sequences

Definition

We define ordinal logarithm as Ig(0) := 0 and Ig(a + w?) := 3.

Definition

By lg“ we denote the set of /-sequences or Ignatiev sequences.
That is, the set of sequences x := ( xp, x1, X2, .. . ) where for | <w,

xiy1 < Ig(x;).
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Ignatiev sequences

Universal Frame 7 Completeness

We consider a minor variation on Ignatiev's frame.

Definition
J = (1,{Rn}n<w ), is defined as follows:

I:={xelg”:x;<Afori<w};

xRpy & (Vm < n xm > ym A Yi>nx; > yi).
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Ignatiev sequences

Universal Frame 7 Completeness

We consider a minor variation on Ignatiev's frame.

Definition
J = (1,{Rn}n<w ), is defined as follows:

I:={xelg”:x;<Afori<w};

xRpy & (Vm < n xm > ym A Yi>nx; > yi).

Definition

Given x,y € [ and R, on [, we recursively define xRy as follows:
xR,?y & X =y,
xRty & VB<l+a 3z (xRpz A zR,[fy).
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Ignatiev sequences
J
Universal Frame 7 Completeness

Completeness

TSC is sound and complete w.r.t. J i.e

ety iff Yxel (T, xlFe = J,xI-v).

Eduardo Hermo Reyes Department of Philosophy - University A finitely supported frame for TSC



H

Completeness

Definability
Sequences with Finite Support

Contents

B Sequences with Finite
Support

Eduardo Hermo Reyes Department of Philosophy - University A finitely supported frame for TSC



H

Completeness

Definability
Sequences with Finite Support

Finite support

m For A > g, we have Ignatiev sequences that never reach zero;
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H

Completeness

Definability
Sequences with Finite Support

Finite support

m For A > g, we have Ignatiev sequences that never reach zero;

m Define a new universal frame where we only consider
sequences with finite support.
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H
Completeness
Definability

Sequences with Finite Support

H = (H,{Sn}n<w ), is defined as follows:
H:={x €l :x; =0 for some i <w};

xSpy & (Vm < n Xm > ym A Yi>nx; > yp).

Definition

Given x,y € H and S, on H, we recursively define xSy as follows:

XS,?y & xX=y;
xSHtey & VB<l+a 3z (xSpz A zS,'?y).
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H
Completeness
Definability

Sequences with Finite Support

Let x € H and ¢ € F. By x I ¢ we denote the validity of ¢ in x
that is recursively defined as follows:

m x|k T forall x € H,;

m x| pAYiff xIF e and x IF;

m xIF (n®)piff thereis y € H, xSy and y I ¢. )

A finitely supported frame for TSC
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H

Completeness

Definability
Sequences with Finite Support

Completeness

For any x € H and p € T,

I, xlFe <= H,xIF .
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H

Completeness

Definability
Sequences with Finite Support

Completeness

For any x € H and p € T,

I, xlFe <= H,xIF .

v
Theorem

For any ¢, 1) € F, we have that:

oFp = Ver(H,xll—cp:>H,xll—w).
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H

Completeness

Definability
Sequences with Finite Support

Definability

m For x € H we define xt := {y : y; < x; for some j < w}.
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H
Completeness
Definability

Sequences with Finite Support

Definability

m For x € H we define xt := {y : y; < x; for some j < w}.

For any x € H there is a unique A € IW such that:

H,xIFA & Vyext, H,ylFA
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Completeness
Definability

Sequences with Finite Support

Definability

m We can associate to any x € H an increasing worm A,.

Proposition

For any x,y € H:

XS,?y <~ EAT Th(nD‘)Ay C ThAx.
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H
Completeness

Definal
Sequences with Finite Support

Thanks for coming!
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