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Provable Transfinite Induction

Let 〈N,R〉 be a well-ordering, then a formula ϕ represents R in T , iff

∀mn ∈ N(〈m, n〉 ∈ R ⇔ T ` ϕ(m, n))

Let ≺ be a natural representation (e.g. Cantor-Normal-Form) of a
well-ordering 〈N,R〉 and TI (≺, Γ) the schema defined as

∀y((∀x ≺ y : ϕ(x))→ ϕ(y))→ ∀xϕ(x) for ϕ ∈ Γ = Π0
n ∪ Σ0

n

The order-type of R was seen as a measure of the proof-theoretic strength
of a theory T , taking into account for which ≺ : T ` TI (≺, Γ).

For Example:
I∆0 ` TI (≺, Γ) for ≺ representing R with otyp(R) < ω2

IΣ1 ` TI (≺, Γ) for ≺ representing R with otyp(R) < ωω

PA ` TI (≺, Γ) for ≺ representing R with otyp(R) < ε0
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Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0). (Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0).

(Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0). (Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0). (Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0). (Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Pathological Well-orderings

For any r.e. theory T ⊇ IΣ1, we can find a representation ≺ of a well-
ordered relation R with otyp(R) = ω such that T 6` TI (≺,∆0

0). (Kreisel)

On the other hand, we will show, that for any α < ωCK
1 it can be defined a

representation ≺ of a well-ordered relation R in PA with otyp(R) = α such
that PA ` TI (≺, Γ).

So, dependent on what representation you choose, the order-type of
provable TI in PA can vary between ... < ω < ... < ωCK

1 .

Let’s sketch the proof!

Mirko Engler (HU Berlin & UN Lisboa) Logic Colloquium 2018 Udine, July 24 3 / 11



Proof Sketch

Lemma (Beklemishev)

For any well-ordering 〈N,R〉 with otyp(R) < ωCK
1 , there is a representation

≺ of R in PA, such that PA ` Con(IΣ1 + TI (≺, Γ)).

Lemma (Formalized Completeness)
Let S and T ⊇ PA be in L[PA], then there is a direct translation f , such
that S ` ϕ⇒ T + Con(S) ` ϕf .

TI (≺, Γ)f = ∀y((∀x ≺f y : ϕf (x))→ ϕf (y))→ ∀xϕf (x)
= TI (≺f , Γ)

with ≺f representing the same order R as ≺ in PA.

Theorem
For any well-ordering 〈N,R〉 with otyp(R) < ωCK

1 there is a representation
≺ of R in PA, such that PA ` TI (≺, Γ).
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Beklemishev’s Result

Let ≺ represent R in PA. IΣ1 + TI (≺, Γ) is represented by

iσ1 + ti(≺, Γ)(x) :≡ iσ1(x) ∨ ∃u ≤ x(FmlΓ(u) ∧ x = pTI (≺, u)q).

Let ϕ(w , x , y) be defined as

x ≺ y ∧ ∀z ≤ max(x , y) : ¬Proofiσ1+ti(w ,Γ)(z , p⊥q).

By the Diagonalizationtheorem there exists a ψ(x , y), such that

PA ` ψ(x , y)↔ ϕ(pψ(x , y)q, x , y)

where ϕ(pψ(x , y)q, x , y) equals the formula

x ≺ y ∧ ∀z ≤ max(x , y) : ¬Proofiσ1+ti(ψ,Γ)(z , p⊥q)).

It happens, that PA ` Coniσ1+ti(ψ,Γ).
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where ϕ(pψ(x , y)q, x , y) equals the formula

x ≺ y ∧ ∀z ≤ max(x , y) : ¬Proofiσ1+ti(ψ,Γ)(z , p⊥q)).

It happens, that PA ` Coniσ1+ti(ψ,Γ).
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Formalized Completeness

We start with a Henkin-Lindenbaum-Completion of a theory S :
C := {cn | n ∈ N}
ϕn enumerates the L[S ] ∪ C -formulas with one free variable
Z := {∃xnϕn(xn)→ ϕn(cjn) | n ∈ N}
L0 := S + Z

Ln+1 :=

{
Ln ∪ {ϕn}, if Ln ∪ {ϕn} is consistent
Ln ∪ {¬ϕn} otherwise.

L :=
⋃

n∈N Ln

Henkin-Completeness
Th(S) ⊆ L and L is consistent.
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Formalized Completeness

C can be recursively represented in PA by c(x)

Z can be recursively represented in PA by ζ(x)

L can be represented in PA by λ(x) := ∃n δ(n, x) with

δ(n, x) :=∃d(Seq(d) ∧ len(d) = n + 1 ∧ [d ]0 = ϕ0 ∧

∀m < n(¬Prσ+ζ(p
∧
i<m

[d ]i ∧ ϕm → ⊥q)→ [d ]m = ϕm) ∧

∀m < n(Prσ+ζ(p
∧
i<m

[d ]i ∧ ϕm → ⊥q)→ [d ]m = ¬ϕm) ∧

[d ]n = x)

Hcmλ states, that the set represented by λ is Henkin-complete
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Formalized Completeness

Lemma (Formalized Completeness)
PA ` Conσ → Hcmλ

We now define the translation f for L[PA] as follows:
(x = 0)f :≡ λ(0 = c(x))

(Sx = y)f :≡ λ(S [c(x)] = c(y))

(x + y = z)f :≡ λ(c(x) + c(y) = c(z))

(x × y = z)f :≡ λ(c(x)× c(y) = c(z))

By Formalized Completeness, it holds that

PA+Conσ ` ϕf ↔ λ(ϕ)

S ` ϕ⇒ PA+Conσ ` λ(ϕ)

⇒ PA+Conσ ` ϕf
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Upper Bounds for Provable TI?

So, finally

PA ` TI (≺, Γ)f for ≺ representing R of any otyp(R) < ωCK
1

PA ` TI (≺, Γ)f ↔ TI (≺f , Γ)

PA ` TI (≺f , Γ) for ≺f representing R of any otyp(R) < ωCK
1

Are there no upper bounds for provable TI in Arithmetic?

Upper Bounds (Takeuti, Pohlers)
Let 〈N,R〉 be a well-ordering and ≺ a recursive representation of R ;⋃

{otyp(R) | I∆0 ` TI (≺, Γ)} = ω2⋃
{otyp(R) | IΣ1 ` TI (≺, Γ)} = ωω⋃
{otyp(R) | PA ` TI (≺, Γ)} = ε0
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Proof-Theoretic Ordinals

A measure for the proof-theoretic strength of a theory T should only
depend on T (and not on the definition ≺).

We can define an invariant measure, using upper bounds for recursive
representations.

But an invariant definition by itself doesn’t tell much about the actual
extent of the measure.

A proof-theoretic measure should be invariant for natural order-
representation.

Not every recursive representation can be considered natural. And why
should non-recursive representations be considered un-natural a priori?
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Thank you!
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