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Part 1:

Sets vs Relations
(realizability vs dialectica)



THE JOURNAL OF SyMBoOLIC LogIc
Volume 10, Number 4, Dec. 1945

ON THE INTERPRETATION OF INTUITIONISTIC NUMBER THEORY

S. C. KLEENE

nr(s=t) = (n=0) A(s=t)
nrAAB = nrAanrB
nrAvB = (n=0AnrA)v (n#1AaAn rB)
nrA—B = Valard — {n}(a)l A {n}(a)rB)
nrdzA(z) = n rA()
nrVzA(z) = Vx{n}(x)! A {n}(x)rA(x))
" Theorem (Kleene-Nelson). :
\If HA - A then HA F nrA, for some numeral n ;




Realizability

A — {n:nrA}
—— ——

sentence set of realizers of 4



von

UBER EINE BISHER NOCH NICHT BENUTZTE

Kurt GOpEL, Princeton

ERWEITERUNG DES FINITEN STANDPUNKTES
\ XL\QS%

\A/\B\’;":V = \A\);/\\B\jv

|[AVB["" = (b=0 AlA[))v(b#1A|B[)

|[A->B| = |A[,,,—~|Bl™

VzA(Z) . = |A(s)I

FzA)[ = |AG)I

4 )
Theorem (Godel).

IfHA - AthenT ‘v’y|A|ty for some termt €T
N

J




Dialectica Interpretation

A B (&) AF)
—— ——

sentence relation between arguments

and counter-arguments



Example

o is eventually bounded o is bounded

A = AnVi>n(a(i)<n)— IkVj(a(j)<k)

ALY = (g(n, )Zn—al(g(n,j))<n)— a(j)< f(n)

f(n) = max{nmax{x(i)|i<n}}

gnj) = J




S0...

which one is better, sets or relations?

relational approach
1S more general

Realizability can also be
presented in a ‘relational’ style



Kleene realizability

nrAAB = nrAAanrB

nrAvB = (n,=0AnrA)v (n#1An rB)
nrA—>B = Valar4d — {nY(a){ A {n}(a)rB)
nrdzA(z) = n rA(n)

nrVzA(z) = Vx({n}x)d A {n}(x)rA(x))

Relational presentation

[AABI, = |A["A|B

AvB[' = (n=0nA |A[*) v (n,#1 A |B]})
A—Bl. = Vb|A[P—({n}(a) L AIB["")
JzAZ)l, = |An)l}

VzZA(Z)[, = {n}(a,)AlA(q,)]""

nrA
ift
Val|Al




Kreisel modified realizability

xX,vmrAAB

x,v,bmrAvB

fmrA—B

x,s mrdzA(z)

fmrVzA(z)

xmrA Avmr B

(b=0Ax mrA) v (b#0Av mr B)
Vx(x mrA— f(x) mrB)

x mr A(s)

Vx(f(x) mrA(x))

Relational presentation

AAB

AvEB

X,V
y,w
x,v,b
y,w

AeBKW

1z A(z) |;’S

Al AIB,

(b=0 AlA[) v (b#1 A|B[.)
Vy|AF | B/

A(SW f(s)

Sy

A(s)[

Sy

xmrA
iff
Vy|Al




Godel Dialectica interpretation

AABI""

y.w

Av B[
y.w

A—B|*
VzA(z) |’yf )

dz A(z) |;'S

|AF A|BY,

14(5)]
ACs)

(b=0 /\|A|;) v (b#1 A|BJ))

Kreisel modified realizability

AABI""

y.w

Av B[*"?
y,W

A%Mb
VzA(z) |§ .

dz A(z) |§'S

A AIBI,

(b=0 AlA[') v (b#1 A|B)
14l
f(s)

A(s)
A(s)

Y
X
Y

{Iﬁm&y)iﬁ |A[* J

{ xmrA iff ‘v’y|A|’; J

P. Oliva, Unifying functional interpretations, NDJFL, 47 (2), 2006




Part 2:

Linear Logic
(it’s all about the bang!)



Linear Logic

A refinement of classical and intuitionistic logic

A—RB lA— B
A& B
AXB

AADB




call-by-name translation

(AAB) =
(AvB) =
A—B) =
VzA) =
(3z4) =

A &B
1A @B
1A — B’
VzA
dz1A°

call-by-value translation

IL-A

AAB)
‘AvB)
A—B)
VzA)
(3zA4)

A®B
A®B
(A —B)
IVzA
dzA

LL
LL




realizability

ILFA — Lt mrAd

J () J ()

LL-A" — LL” (¢t mr4)




Interpretation of Linear Logic

AR®B|”

y.w

ADBI[""

y,w

|A& B \i’fy}b
|14;——C>l?|£ai
IVz A(z) V; )

3z A(2)["

Al ®|B

(b=0&|A[') ® (b#1&|B[))

(b=0&|A[') ® (b#1&|B[))
xR

Al —|Bl.

f(s)
|AGs)!/

AGs)["

P. Oliva, Modified realizability interpretation of classical linear logic, LICS 2007

G. Ferreira and P. Oliva, Functional interpretations of intuitionistic linear logic,

Logical Methods in Computer Science, 7(1), 2011




modified
realizability

A —» xXxmrA
() ()

4 > (xmrd) o Vy|A
“A‘XE!\V/)/"A‘;

X
y




Interpretation

lA[ =Yy | A[! () or () Krreg:ilzzlbczﬂitf;ed
pstweas, e bl
LA =1 Al () or () G?gfg;;giifggca
lA]" =IVy|A] ®!A ) modifi:;:ic:hriillitzhabﬂity
A=ty 14l, @4 9 modiqfizgrri::figbﬂity
IA[f =IVy eal A[ ® 1A () Dﬁtﬁﬁﬁ&m

J. Gaspar and P. Oliva, Proof interpretations with truth, MLQ, 56(6):591-610, 2010




Part 3:

Applications
(classical logic and games)



How about classical logic,
arithmetic and analysis?

Av—A —1A—A

(A—> B)v(B— A) ((A>B)—>B)—> A

—VnD(n)— dn—D(n) x(D(x)— VyD(y))

Vn<kdiA(n,i)— dsVn<kA(n,s )



Godel-Gentzen translation Kuroda translation
(P)° = —P (P)" = P
(AAB) = A°AB° (AAB)* = A" AB*
(AvB) = —(A"VvB") (AvB)* = A"vB"
(A—B) = A°—>B° (A—->B)* = A" —>B*
VzA) = VzA° (VzA)* = Vz—+—A"
(3zA4)° = ——3zA° (3zA4)¢ = 3FzA"

IL- A
ILF——A"

CLFA

G. Ferreira and P. Oliva, On the relation between various negative

translations, L.ogic, Construction, Computation, vol 3, 227-258, 2012
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translation
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proof

interpretation
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Ix*Vy" A(x, y)

l

——3Ix*Vy"A(x,y)

l program ¢(X9R)9X ?

Vp 7 A(9(p),p(¢(p)))



higher-order games explain

higher-order programs
program ¢(X+R)+X

Ix*Vy" A(x, y)

Vp" " A(¢(p),p(4(p)))

M. Escardo and P. Oliva, Sequential games and optimal strategies,
Proc. of the Royal Society A, 467:1519-1545, 2011




Logical form Specifies

Ix*Vy" A(x, y) player

Vnix“Vy"A (x,y) sequence of players

finite choice

fin1 m
(bounded collection) e game

countable choice unbounded game

M. Escardo6 and P. Oliva, Selection functions, bar recursion, and
backward induction, MSCS, 20 (2), pp .127-168, 2010

P. Oliva and T. Powell, A game-theoretic computational interpretation

of proofs in classical analysis, Gentzen's Centenary, 501-531, 2015




Summary

e Realizability also has a “relational” presentation

e Relational presentation allows for interpretation of
LL and unification (including truth variants)

e (Classical proofs dealt with by combining
interpretation with a negative translation

e (Classical proof (and higher-order programs) can be
“explained” 1n terms of higher-order games
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